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Golomb has covered the main previous results of tiling a rectangle with con-
gruent polyominoes in the revised edition of ‘‘Polyominoes’’ (1994). This article
attempts to summarise recent discoveries of many new examples of polyominoes
which pack rectangles.  1997 Academic Press
A polyomino or n-omino has order k if k congruent copies of the poly-
omino are necessary to tile a rectangle. The order is undefined if no tiling
of a rectangle is possible.
Figure 1 shows an infinite family of ‘‘boot’’ polyominoes with the known
orders indicated. Tilings of the hexomino and the family of 8r+4-ominoes
have been known previously. It was asked in [1] whether the ‘‘boot’’
octomino would tile a rectangle. Figure 2 shows the minimum tiling of 192
copies for this octomino, as well as the minimum tiling of 138 copies of the
dekomino, the next member of the family. (These two results have also
been covered by Golomb in [5].)
It is not known whether the ‘‘boot’’ 14-omino or 16-omino will tile a
rectangle or even an infinite half-strip. If half-strip tilings of these two
polyominoes exist at all they must have sides >100 and >95 respectively.
In fact, the only remaining ‘‘boot’’ polyominoes of the family in Fig. 1
which are known to tile rectangles are the 8r+2-ominoes of unknown
orders. However, a tiling of a (28r+10)_16(4r+1) rectangle with
16(14r+5) congruent copies has been discovered (see Fig. 3). Only in the
first case (r=1) is it known that the packing scheme does not lead to a
minimal rectangle. Because of the difficulty of checking all smaller rec-
tangles the minimum packing for all r>1 is unknown.
Replicating tiles, or rep-tiles, are geometric figures of rep-r if r copies
(not necessarily the minimum) will construct a larger scale replica. For
example, any triangle or parallelogram is rep-r whenever r is a perfect
square. Many other examples of rep-tiles are described in [2, 4].
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Fig. 1. Family of polyominoes with the known orders indicated.
Fig. 2. An octomino of order 192 and a dekomino of order 138.
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Fig. 3. Family tiling of 8r+2-omino ‘‘boots.’’ (The dekomino tiling is not minimal.)
Figure 4 illustrates an interesting way in which a2+b2 right triangles tile
a replica. Although this example of a rep-tile family has long been known
it can be used as the basis for a long overlooked family of polyominoes that
tile rectangles. Since a right triangle is obviously half a rectangle the tiling
in Fig. 4 leads to a packing of 2(a2+b2) copies of right triangles. Figure 5
shows one way in which the rep-5 triangle can be modified into an infinite
set of order 10 polyominoes. The simplest member of the set is the Y pen-
tomino,1 which had previously been considered a sporadic example of
order 10. The larger order 10 polyominoes in Fig. 5 can be considered as
the union of triangular stacks of Y pentominoes.
Many other examples of order 10 polyominoes can also be constructed.
Simply replace the leg of unit length in the rep-5 triangle with a rota-
tionally symmetric curve S and the leg of length 2 with two more con-
gruent copies of S. Some more complex examples of order 10 polyominoes
are shown in Fig. 6.
The general method of constructing a polyomino of order 2(a2+b2),
with a and b co-prime, is to replace the leg of length a, on the right triangle
rep-tile, with a copies of S, and the leg of length b with b copies of S, as
indicated in the typical example in Fig. 7 for the case a=2, b=3. Some
other examples of low orders are shown in Fig. 8. It is necessary that a and
b be relatively prime, else if d=(a, b) with d>1, a smaller rectangle can
always be constructed using 2(i 2+j 2) copies, where i=ad and j=bd.
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Fig. 4. Right triangle rep-tiles of a2+b2 copies.
There is no general procedure for tiling a rectangle with less than
2(a2+b2) congruent copies of tiles of this family. In fact, there is no general
procedure of packing any rectangle unless the construction uses a multiple
of 2(a2+b2) copies. Since a general method must apply even to those tiles
in which S interlocks with itself in a complex way the general case tiling
Fig. 5. Tiling rectangles with infinitely many dissimilar polyominoes of order 10.
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Fig. 6. Some more examples of order 10 polyominoes.
corresponds to a tiling with right triangles. The tiling therefore has sides
equal to multiples of the hypotenuse of the original right triangle, and can
be dissected into s squares each of 2(ab+ba) tiles; 2s(ab+ba) must be
an integer. If a and b are both odd then s is divisible by ab, and the
candidate rectangle contains a multiple of 2(a2+b2) tiles. If one of a and
b is even then 2s is divisible by ab. Since S interlocks with itself in the
general case tiling, and a+b is odd, the number of tiles is even in total.
Therefore s must be divisible by ab, so again the candidate rectangle con-
tains a multiple of 2(a2+b2) tiles.
There are certain special cases of polyominoes which are simple enough
to tile in additional ways which do not correspond to a tiling with right tri-
angles. For example, although the Y pentomino is order 10 as expected,
rectangles consisting of non-multiples of 10 copies are possible. There are
also degenerate cases of polyominoes which are actually order 2.
This construction yields infinitely many examples of polyominoes of
orders congruent to 2 (if a and b have opposite parity) and 4 (if a and b
are both odd) modulo 8. Other polyominoes for all orders that are multi-
ples of 4 were previously known [3, 5]. Are there examples of polyominoes
for every order 8t+2 (t0)? Unfortunately, we still have not any example
of a polyomino of order 8t+6, although Michael Reid has found an order
6 heptabolo [5, 7].
Two new isolated cases of polyominoes of orders 8 and 60 have been dis-
covered which pack minimal rectangles that are squares with 90-degree
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Fig. 7. Tiling a rectangle with 2(a2+b2) modified right triangles.
rotational symmetry, as shown in Fig. 9. Is the polyomino of order 8 a
genuine sporadic or the simplest member of another polyomino family?
The 11-omino
is of order 50 (see Golomb [3, 5] for the tiling). Figure 10 shows a second
11-omino
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Fig. 8. Some simple examples of polyominoes of order 2(a2+b2).
Fig. 9. Two isolated cases of polyominoes of orders 8 and 60.
187RECTANGLES WITH POLYOMINOES
File: 582A 273008 . By:XX . Date:15:01:97 . Time:08:39 LOP8M. V8.0. Page 01:01
Codes: 2344 Signs: 1595 . Length: 45 pic 0 pts, 190 mm
Fig. 10. Tiling a 44_208 rectangle symmetrically with 11-ominoes. What is the minimal
rectangle?
tiling a 44_208 rectangle symmetrically with 832 copies. The minimum rec-
tangle is still far from known. There may also be a third L-shaped 11-omino.
Does
tile any rectangle?
A polyomino is odd if it admits a tiling of a rectangle with an odd num-
ber of copies, and is of odd-order k if k is the smallest such odd number.
The outstanding unsolved problem is whether any polyomino exists for
which order=odd-order.
Golomb [3] gives Reid’s construction of an infinite family of odd L
n-ominoes, where n is odd. Figure 11 shows an improvement on Reid’s con-
struction which was found by the author, and independently by Reid [7]
shortly afterward. In particular, the L pentomino is not odd-order 27 as
has long been thought, but is of odd-order 21.
If n is prime the construction of an (n+2)_3n rectangle is minimal. If
a smaller rectangle existed it would necessarily have an odd side n. There
are only three ways of covering the first row of such a side, shown in (a),
(b) and (c) of Fig. 12. (If n=3 only the case in (a) applies.) Case (a) is
clearly eliminated as it simply tiles a 2_n subrectangle, delaying the task
of how to begin tiling the rectangle with an odd number of L’s. In (b) the
marked cell cannot be covered without isolating a subregion of less than n
squares. Case (c) leads to the two subcases in (d), when n=5, and (e), for
larger n. In (d) additional pentominoes are forced into the numbered cells
but the square marked by a cross cannot now be covered. Finally, the
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Fig. 11. Tiling a rectangle with 3n+6 L n-ominoes.
Fig. 12. Constructions for proof that an L n-omino (for odd n) cannot tile a rectangle
with a border <n+2 with an odd number of tiles.
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Fig. 13. Minimal tilings of L polyominoes of odd-order k.
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Fig. 13Continued
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marked square in (e) cannot be covered without isolating an untileable
subregion.
It is not known whether the construction in Fig. 11 is always minimal
when n is composite, although it is at least when n=9, 15 and 21.
Figure 13 illustrates twelve new examples of L polyominoes of odd-order
k. Most of these are of order 2 and 4, although the heptomino of odd-order
45 is order 28. Klarner [6] found a hexomino of odd-order 11, a prime
number. Is there a second example of prime odd-order?
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